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GLOBAL SOLUTION FOR THE INCOMPRESSIBLE NAVIER-STOKES
EQUATIONS WITH A CLASS OF LARGE DATA IN BMO´1pR3q
Du Yi 1 and Zhou Yi 2
Abstract. In this paper, we shall establish the global well-posedness, the space-
time analyticity of the Navier-Stokes equations for a class of large periodic data
u0 P BMO´1pR3q. This improves the classical result of Koch & Tataru [10], for the
global well-posedness with small initial data u0 P BMO´1pRnq.
Keywords: Global regularity, Navier-Stokes Equations, Large data, Koch-Tataru
solution.
1. Introduction
This paper is devoted to study the following incompressible Navier-Stokes equations
with the periodic data on the domain px, tq P R3 ˆR`.
(1.1)
$’&
’%
Ut ` U ¨∇U ´∆U `∇P “ 0, in R3 ˆ p0,`8q,
∇ ¨ U “ 0,
Upx, tq|t“0 “ u0pxq.
At the very beginning, we shall recall some correlated research history about the
incompressible Navier-Stokes equations. In [13], Leray proved the local well-posedness for
strong solutions and for any finite square-integrable initial data there exists a (possibly
not unique) global in time weak solution in Rn. Moreover, for the case of two space
dimensions, he proved in [14] the uniqueness of the weak solution. Subsequently, in the
work of Fujita-Kato[6], they proved the local well-posedness for strong solutions to the
Navier-Stokes equations in a scaling invariant space 9H
n
2
´1. The scaling-invariance in the
context of the Navier-Stokes equations is as follows. Define
(1.2) pUλ, Pλqpx, tq “ pλUpλx, λ2tq, λ2P pλx, λ2tqq,
if the pair pUpx, tq, P px, tqq solves the incompressible Navier-Stokes equations, then pUλpx, tq,
Pλpx, tqq is also a pair of solution to the incompressible Navier-Stokes equations with ini-
tial data Uλpx, 0q “ λu0pλxq. The spaces which are invariant under such a scaling are
also called critical spaces. The study of the Navier-Stokes equations in critical spaces was
initiated by Kato[9] and continued by many authors, see [2, 8, 16] etc. In 2001 Koch-
Tataru [10] proved the existence of solutions to Navier-Stokes equations in Rn when the
Date: September 29, 2018.
1Department of Mathematical Sciences, Jinan University, Guangzhou 510632, China. Email:
duyidy@gmail.com; duyidy@jnu.edu.cn
2 *Corresponding Author: School of Mathematical Sciences, Fudan University, Shanghai, China.
and Department of Mathematical Sciences, Jinan University, Guangzhou 510632, China. Email:
yizhou@fudan.edu.cn
1
2 GLOBAL SOLUTION FOR THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS
initial data is in BMO´1, see also [12]. Subsequently, the space and time analyticity
of the Koch-Tataru solution have been studied by [7, 5] and [15]. The space BMO´1
has a special role since it is the largest critical space for Navier-Stokes equations with
well-posedness results available [1]. Hereafter, we call the solution presented by Koch &
Tataru [10] as Koch-Tataru solution.
The results listed above are mostly concerned the system (1.1) with the initial data
small enough. To prove whether global existence or finite time blow up for a large data
is a famous open problem. Recently, in Lei-Lin-Zhou [11] the authors have proved the
global well-posedness with a class of large data in the energy space which includes the
Beltrami flow. This paper is to study the global well-posedness for the 3D incompressible
Navier-Stokes equations with general initial data in the largest critical space BMO´1.
Before stating the main results, we shall give some definitions and notations. Let
(1.3) Qpy0, rq “ Bpy0, rq ˆ p0, r2s
be the space-time ball. For px, tq P Qpy0, rq means x P Bpy0, rq and 0 ă t ď r2, where
Bpy0, rq Ă Rn is a n-dimensional space ball centered at y0 P Rn and radius r.
Definition 1.1. Let f be a tempered distribution, W be the solution of Wt ´ ∆W “ 0
with initial data f . Denote
rf sBMOpRnq “ sup
y0PRn
ˆ
r´n
ż
Qpy0,rq
|∇W |2dtdy
˙ 1
2
,
we say the function f P L1locpRnq is in BMO if the semi-norm rf sBMO is finite.
If there exist gi P BMO and f “
řn
i“1
Bgi
Bxi , denote
rf sBMO´1pRnq “ inf
nÿ
i“1
}gi}BMOpRnq,
we say f P BMO´1 if the above norm rf sBMO´1 is finite. It is easy to see that an
equivalent definition for BMO´1 is
rf sBMO´1pRnq “ sup
y0PRn
ˆ
r´n
ż
Qpy0,rq
|W |2dtdy
˙ 1
2
.
Clearly the divergence of a vector field with components in BMO is in BMO´1. See
more details in Koch-Tataru [10] and Chap11 in [12].
Similarly, we define the space BMO´2. If there exist g¯i P BMO´1 and f “řn
i“1
Bg¯i
Bxi , denote
rf sBMO´2pRnq “ inf
nÿ
i“1
}g¯i}BMO´1pRnq,
we say f P BMO´2 if the above norm rf sBMO´2 is finite.
In Koch& Tataru [10], the following results have been presented:
Theorem 1.2. (Koch-Tataru[10]). If }u0}BMO´1 is small enough, then the equation
(1.1) admits a unique pair of global solution.
Our main result states as following:
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Theorem 1.3. Let λ , 0 ă b ă 1 be two arbitrary given constants and M0 be an arbitrary
positive constant, suppose that the initial data u0 of system (1.1) is a periodic function
with
(1.4)
ż
T3
u0pyqdy “ 0,
and
(1.5) }u0}BMO´1pR3q ďM0,
then there exists a small constant ε “ εpb,M0q which depends on M0 and b, but indepen-
dent of λ , such that the system (1.1) admits a unique pair of global periodic solutions
provided
(1.6) }∇ˆ u0 ´ λu0}BMO´2pR3q ď εxλy´b,
where xλy “ ?1` λ2.
Here and hereafter, T3 is a periodic domain, without loss of generality, in this paper
we take T3 “ r´pi, pis3.
Furthermore, we also have the following results:
Theorem 1.4. Under the conditions of Theorem 1.3, then the solution presented by
theorem 1.3 is analytic about the space and time.
Remark 1.5. We dot not require M0 to be small in our theorem, actually, it can be
as large as you want. Up to our knowledge, it is the first large data results for the
incompressible Navier-Stokes equations in BMO´1 space.
Remark 1.6. Our result generalizes the Koch and Tataru result in the space periodic
case by taking λ “ 0.
Remark 1.7. Our result implies the global nonlinear stability of Beltrami flow for the
Navier-Stakes equations in the critical space BMO´1. Let u0 “ u01`u02, with
ş
T3
u01pyqdy “ş
T3
u02pyqdy “ 0 and ∇ ¨ u01 “ ∇ ¨ u02 “ 0. We call u01 a Beltrami flow initial data if
there exists a real number λ such that ∇ˆ u01 “ λu01, then our Theorem implies that as
long as u02 is small in BMO
´1, we can have global existence.
This kind of data can be constructed as follows (without loss of generality, we consider
the case λ ą 0), let
(1.7) u01 “ ∇ˆ u03 ` p´∆q1{2u03
with ∇ ¨ u03 “ 0. Then, we get
(1.8) ∇ˆ u01 “ p´∆q1{2u01.
If we take
(1.9) u03pxq “
ÿ
nPZ3,|n|“λ
ane
?´1n¨x
provided that λ is chosen such that the set n1, n2, n3 P Z, n21 ` n22 ` n23 “ λ2 is not empty.
Then, we get p´∆q1{2u01 “ λu01.
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Moreover, we remark our result not only holds for small perturbation of a Beltrami
flow. Actually, there exists large class of data that is not a small perturbation of Beltrami
flow but still we can prove global existence, as the next Corollary demonstrates:
Corollary 1.8. Let M0 be an arbitrary positive constant, suppose that the initial data
u0 of system (1.1) with
(1.10) u0 “ u01 ` u02
and u01, u02 are both periodic functions with
(1.11)
ż
T3
u01pyqdy “
ż
T3
u02pyqdy “ 0, ∇ ¨ u01 “ ∇ ¨ u02 “ 0,
as well as
(1.12) }u01}BMO´1pR3q ďM0, }u02}BMO´1pR3q ď ε1.
Suppose that
(1.13) u01pxq “
Nÿ
i“1
φipxq
where φi are Beltrami type data satisfying
(1.14) ∇ˆ φi “ λiφi, ∇ ¨ φi “ 0
with
(1.15) 1 ď λ1 ă λ2 ă ¨ ¨ ¨ ă λN
and there exists 0 ă b ă 1, such that
(1.16) λN ´ λ1 ď ελ1´b1
then there exists a small constant εpb,M0q which depend on b and M0 , such that the
system (1.1) admits a unique global periodic solution provided that ε ď εpb,M0q and
ε1 ď εpb,M0qλ´b1 p1` λ1q´1.
Remark 1.9. Take one more curl to φi, we get
(1.17) ´∆φi “ ∇ˆ p∇ˆ φiq “ λi∇ˆ φi “ λ2iφi.
Thus, φi are the eigenfunction of the Laplacian and λ
2
i are the eigenvalues of the Lapla-
cian. Thus, (1.13) are noting but a Fourier series expansion.
Let us sketch a proof of This Corollary. We have
}∇ˆ u0 ´ λ1u0}BMO´2pR3q(1.18)
ď }∇ˆ u01 ´ λ1u01}BMO´2pR3q ` }∇ˆ u02 ´ λ1u02}BMO´2pR3q.
Because the spectrum of u01 is concentrated near λ1, by Bernstein’s inequality, we
have
}∇ˆ u01 ´ λ1u01}BMO´2pR3q À λ´11 }∇ˆ u01 ´ λ1u01}BMO´1pR3q(1.19)
“ }
Nÿ
i“1
λi ´ λ1
λ1
φi}BMO´1pR3q ÀM0ελ´b1 .
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On the other hand, by Lemma 2.3, we have
}∇ˆ u02 ´ λ1u02}BMO´2pR3q ď }∇ˆ u02}BMO´2pR3q ` λ1}u02}BMO´2pR3q(1.20)
À }u02}BMO´1pR3q ` λ1}u02}BMO´1pR3q À ελ´b1 .
Therefore, Corollary 1.8 follows.
Our paper is organized as follows: in the next section, we present some preliminaries.
In section 3, we shall give some prepare work for the linear heat equation. The main
theorem will be proved in section 4(both Theorem 1.3 and Theorem 1.4). Throughout
this paper, we sometimes use the notation A À B as an equivalent to A ď CB with a
uniform constant C.
2. Preliminaries
At the beginning, we recall some properties for the Leary projection operator P
to divergence free vector fields, which is defined by its matrix valued Fourier multiplier
Pˆpξq “ δij ´ ξiξj|ξ|2 . For any multi-indices α, this symbol satisfies Mihlin-Hormander con-
dition sup
|ξ|­“0
|ξ|α|Bαξ Pˆpξq| ď C. Besides, we have the following pointwise bound (see [12]
Proposition 11.1).
Lemma 2.1. Denote et∆ as the heat operator, n is the space dimensions, and P˜px, tq is
the kernel of ∇k`1Pet∆, then there holds
(2.1) P˜px, tq ď Cpkq 1p?t` |x|qn`k`1 ,
where and Cpkq is a constant depending on k.
Lemma 2.2. Let Kpx, tq “ 1?
t
n e´
x2
4t , then there exists a polynomial Jk`2mp x?
t
q with
degree k ` 2m, such that
(2.2) Bmt ∇kKpx, tq “
1
tm`
k
2
Kpx, tqJk`2mp x?
t
q.
Proof. It can be proved by induction. 
Lemma 2.3. under the assumption that u0 is a periodic function and
ş´
T3
u0pyqdy “ 0,
We have
(2.3) }u0}BMO´2 À }u0}BMO´1 .
Proof. Since
ş´
T3
u0px` yqdy “ 0, we have
u0pxq “
ż´
T3
pu0pxq ´ u0px` yqqdy(2.4)
“ ´
ż´
T3
ż 1
0
d
ds
u0px` syqdsdy “ ´∇x
ˆż 1
0
ż´
T3
u0px` szq ¨ zdzds
˙
.
Thus, the conclusion follows 
For completeness, we also give the following well-known equality:
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Lemma 2.4. Let ∇ ¨ b “ 0 and ▽ ¨ h “ 0, then we have
(2.5) b ¨▽h` h ¨▽b “ ´bˆ p▽ˆ hq ´ hˆ p▽ˆ bq `▽pb ¨ hq.
Lemma 2.5. Assume that
(2.6) Fˆ pξq “
ż
R3
gˆpξ ´ ηqhˆpηq
|ξ ´ η| ` |η| dη
where Fˆ denotes the Fourier transform of F etc. then for any 1
2
ă a ă 1, and 0 ă κ ă 1´a
there holds,
(2.7) }F }Bκ8,8 À }g}Bκ´1`a8,8 }h}B´a8,8
where }F }Bs8,8 fi sup
λ
}PλF }L8λs with Pλ be the Littlewood-Paley decompositions.
Proof. We take a nonnegative smooth function ψ with
(2.8) Supp ψ Ă t1
4
ď |ξ| ď 4u.
Moreover, for all ξ P R3 , 0 ď ψ ď 1 andÿ
kPZ
ψp2´kξq “ 1.
Write gλ “ Pλg “ F´1pψpλ´1ξqgˆq and hµ “ Pµh “ F´1pψpµ´1ξqhˆq, we have
(2.9) g “
ÿ
λ“2j
gλ,
and
(2.10) h “
ÿ
µ“2k
hµ.
Thus, we rewrite
(2.11) Fˆ pξq “
ÿ
λ“2j ,µ“2k
ż
R3
ψ1pλ´1pξ ´ ηqqψ1pµ´1ηq
|ξ ´ η| ` |η| gˆλpξ ´ ηqhˆµpηqdη,
where ψ1 P C80 such that ψ1pξq “ 1 in the support of ψ. Therefore
(2.12) F pxq “
ÿ
λ“2j ,µ“2k
ż
R3ˆR3
Φµλpx´ y, x´ zqgλpyqhµpzqdydz
with
(2.13) Φˆµλpξ, ηq “ ψ1pλ
´1ξqψ1pµ´1ηq
|ξ| ` |η| .
GLOBAL SOLUTION FOR THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS 7
We then split F pxq as
F pxq “
ÿ
λď2´10µ
ż
R3ˆR3
Φµλpx´ y, x´ zqgλpyqhµpzqdydz(2.14)
`
ÿ
µď2´10λ
Φµλpx´ y, x´ zqgλpyqhµpzqdydz
`
ÿ
2´10λďµď210λ
Φµλpx´ y, x´ zqgλpyqhµpzqdydz
fi F1pxq ` F2pxq ` F3pxq.
Thus,
}F1pxq}Bκ8,8 À supµ µ
κ
ÿ
λď2´10µ
}Φµλ}L1}gλ}L8}hµ}L8(2.15)
À sup
µ
µκ
¨
˝ ÿ
λď2´10µ
}Φµλ}L1λ´κ`1´aµa
˛
‚}g}
B
κ´1`a
8,8
}h}
B
´a
8,8
.
Noting that
(2.16) }Φµλ}L1 “ µ´1}Φ˜µλ}L1
where
(2.17) ˆ˜Φµλ “ ψ1pξqψ1pηq
µ´1λ|ξ| ` |η| .
Obviously any differentiation of ˆ˜Φµλ is bounded, therefore Φ˜µλ decays in any poly-
nomial. Thus, }Φ˜µλ}L1 ď C, therefore we have
}F1pxq}Bκ8,8 ď supµ µ
κ
¨
˝ ÿ
λď2´10µ
λ´κ`1´aµa´1
˛
‚}g}Bκ´1`a8,8 }h}B´a8,8
À }g}Bκ´1`a8,8 }h}B´a8,8 .
We can handle F2 in a similar way, here we use the similar fact }Φµλ}L1 “ λ´1}Φ˜1µλ}L1 À
λ´1 when µ ď 2´10λ.
To estimate F3, noting there are finite terms for 2
´10λ ď µ ď 210λ by a given µ,
therefore
}F3pxq}Bκ8,8 À supµ1
µ1
κ
ÿ
µěµ1
ÿ
2´10µďλď210µ
}Φµλ}L1}gλ}L8}hµ}L8(2.18)
À sup
µ1
µ1
κ
ÿ
µěµ1
¨
˝ ÿ
2´10µďλď210µ
}Φµλ}L1λ´κ`1´aµa
˛
‚}g}Bκ´1`a8,8 }h}B´a8,8
À sup
µ1
µ1
κ
ÿ
µěµ1
`
µ´κ´aµa
˘ }g}
B
κ´1`a
8,8
}h}
B
´a
8,8
À }g}
B
κ´1`a
8,8
}h}
B
´a
8,8
.

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Corollary 2.6. Let F,g,h are all periodic functions in T3,
(2.19) g “
ÿ
n
ane
?´1n¨x, h “
ÿ
n
bne
?´1n¨x, F “ Cne
?´1n¨x
and
(2.20)
ż
T3
gdx “
ż
T3
hdx “ 0.
If Cn “
ř
j`k“n
ajbk
|j|`|k| , then regard F,g,h as functions on R
3, for 1
2
ă a ă 1 and
0 ă κ ă 1´ a, we have
(2.21) }F }Bκ8,8pR3q À }g}Bκ´1`a8,8 pR3q}h}B´a8,8pR3q.
Proof. We have for example
Fpgq “
ÿ
n
anFpe
?´1n¨xq “
ÿ
n
anδp´n` ξq,
here and hereafter, we use the notations F and F´1 be the Fourier transform and its
inversion respectively. Therefore, Corollary 2.6 follows from Lemma 2.5. 
3. Some prepare work for linear heat equation
We introduce the following notations:
Definition 3.1. Let g be a function defined on R3 ˆ r0, T ˚q p0 ă T ˚ ď `8q, we say
g P XT˚ if
}g}X
T˚ fi sup
0ătďT˚
t
1
2 }g}L8pR3q(3.1)
` sup
0ărď
?
T˚
ˆ
r´3
ż
Qpy0,rq
|g|2dydt
˙ 1
2
ă `8.
We say g P Zd
T˚ if
}g}Zd
T˚
fi sup
0ătďT˚
t
1´d
2 }g}L8pR3q(3.2)
` sup
0ărď
?
T˚
ˆ
r´p1`2dq
ż
Qpy0,rq
|g|2dydt
˙ 1
2
ă `8.
We say g P YT˚ if
}g}Y
T˚ fi sup
0ătďT˚
t}g}L8pR3q(3.3)
` sup
0ărď
?
T˚
r´3
ż
Qpy0,rq
|g|dydt ă `8.
To go ahead, we shall give some estimates for the following homogenous heat equation
in R3:
(3.4)
#
Btu´∆u “ 0,
u|t“0 “ u0, ∇ ¨ u0 “ 0.
We have the following proposition:
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Proposition 3.2. There exists a uniform constant C0, such that
(3.5) }u}X
T˚ ď C0}u0}BMO´1 .
Proof. We write the solution of the linear equation as
(3.6) u “ Sptqu0,
where Sptq is the heat flow. Then we have:
t
1
2 }u}L8pR3q “ 4t´
1
2 }
ż 3t
8
t
8
Spt´ τqpSpτqu0qdτ}L8pR3q(3.7)
À t´ 12 }
ż 3t
8
t
8
` ż
R3
1?
t´ τ3
e
´ py´y˜q2
4pt´τq peτ∆u0q2dy˜
˘1{2
dτ}L8pR3q
À t´ 12 }` ż 3t8
t
8
ż
R3
1?
t´ τ3
e
´ py´y˜q2
4pt´τq peτ∆u0q2dy˜dτ
˘1{2}L8pR3q ¨ ?t
À }` 8ÿ
q“0
e´
q2
4
1?
t
3
ż 3t
8
t
8
ż
qď |y´y˜|?
t
ďq`1
peτ∆u0q2dy˜dτ
˘1{2}L8pR3q
À sup
yPR3
` 1?
t
3
ż t
0
ż
Bpy,?tq
peτ∆u0q2dy˜dτ
˘1{2 À }u0}BMO´1pR3q.
By using the definition sup
y0PRn
`
r´n
ş
Qpy0,rq u
2dydτ
˘1{2 “ }u0}BMO´1 . Thus, we finished
the proof of our Theorem.

Proposition 3.3. Let u be the solution of system (3.4), then there exists a uniform
constant C0 ą 0, such that
(3.8)
ˆż `8
0
}uptq}2L8dt
˙ 1
2
ď C0}u0}B´18,2 .
Proof. See the proof of Lemma 1.5.1 in Chemin [3]. 
Proposition 3.4. For any 0 ă d ă 1, there exists a positive constant C0 “ C0pdq, such
that
(3.9) }p´∆q´d{2u}Zd
T˚
ď C0}u0}BMO´1 .
Proof. For the simplicity of exposition, we take d “ 1
2
, the general case is the same.
Similar to the proof of our previous Proposition, we can get
t
1
4 }p´∆q´1{4u}L8pR3q(3.10)
À sup
yPR3
` 1
t2
ż t
0
ż
Bpy,?tq
pp´∆q´1{4upτ, y˜qq2dy˜dτ˘1{2.
Thus, it remains to prove
(3.11) sup
y0PR3
`
r´4
ż
Qpy0,rq
pp´∆q´1{4uq2dydt˘1{2 À }u0}BMO´1pR3q.
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By definition, we have
(3.12) }p´∆q´1{4u}L8pR3q “ 4r´2}
ż 3r2
8
r2
8
p´∆q´1{4Spt´ τqpSpτqu0qdτ}L8pR3q.
Denote K1pxq be the kernel of the operator p´∆q´1{4Spt´ τq, then we have
|K1pxq| “
ˇˇˇ
ˇF´1
ˆ
F
`p´∆q´1{4Spt´ τq˘˙ˇˇˇˇ(3.13)
“
ˇˇˇ
ˇF´1`|ξ|´ 12 e´ξ2t˘
ˇˇˇ
ˇ “
ˇˇˇ
ˇ
ż
R3
eix¨ξ|ξ|´ 12 e´ξ2tdξ
ˇˇˇ
ˇ
“ e´ x
2
4t
ˇˇˇ
ˇ
ż
R3
e´p
?
tξ´i x
2t
q2 |ξ|´ 12 dξ
ˇˇˇ
ˇ
À t
1{4
?
t
3
e´
x2
4t
ˇˇˇ
ˇ
ż
S2
ż 8
0
e´p
?
tξ´i x
2t
q2 |
?
tξ| 32 dp
?
t|ξ|q
ˇˇˇ
ˇ À t1{4?
t
3
e´
x2
4t .
Then by using (3.13) and similar to (3.7), we have
|p´∆q´1{4u| “ 4r´2|
ż 3r2
8
r2
8
p´∆q´1{4Spt´ τqpSpτqu0qdτ |(3.14)
À r´2}
ż 3r2
8
r2
8
` ż
R3
K1px´ yqdy˜
˘1{2` ż
R3
K1px´ yqpeτ∆u0q2dy˜
˘1{2
dτ}L8pR3q
À r´1` 12 }` ż 3r
2
8
r2
8
ż
R3
1?
t´ τ3
e
´ py´y˜q2
4pt´τq peτ∆u0q2dy˜dτ
˘1{2}L8pR3q
À r´ 12 }u0}BMO´1pR3q.
From (3.14) and noting (3.11), our proposition follows. 
Corollary 3.5. under the assumption that u0 is a periodic function and
ş´
T3
u0pyqdy “ 0,
then for 0 ă d ă 1, we have
(3.15) }p´∆q´p 2´d2 q∇ˆ u0}BMO´1 À }u0}BMO´1 .
Proof. Without loss of generality, we take d “ 1
2
, the general case is the same.
Denote the matrix function K2pxq be the kernel of the operator et∆p´∆q´3{4∇ˆ.
We need to estimate the bound of pK2qijpxq, i, j “ 1, ¨ ¨ ¨ , 3.
Firstly, we have get the matrix Fourier multiplier of the operator et∆p´∆q´3{4∇ˆ
as
(3.16) e´ξ
2t|ξ|´ 32
ˆ 0 ´iξ3 iξ2
iξ2 0 ´iξ1
´iξ2 iξ1 0
˙
fi e´ξ
2t|ξ|´ 32Apξq.
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Then for i, j “ 1, ¨ ¨ ¨ , 3, we have
|pK2qijpxq| “
ˇˇ
F´1
`
e´ξ
2t|ξ|´ 32Aijpξq
˘ˇˇ “ ˇˇˇˇ
ż
R3
eix¨ξe´ξ
2t|ξ|´ 32Aijpξqdξ
ˇˇˇ
ˇ(3.17)
À t
1{4
?
t
3
e´
x2
4t
ˇˇˇ
ˇ
ż
S2
ż 8
0
e´p
?
tξ´i x
2t
q2 |
?
tξ| 12Ap
?
tξqdp
?
t|ξ|q
ˇˇˇ
ˇ À t1{4?
t
3
e´
x2
4t .
Denote the matrix function K3pxq be the kernel of the operator ∇p´∆q´3{4∇ˆ et∆,
for i, j “ 1, ¨ ¨ ¨ , 3, we have
|pK3qpxq| “
ˇˇ
F´1
`
e´ξ
2t|ξ|´ 12Bpξq˘ˇˇ “ ˇˇˇˇ
ż
R3
eix¨ξe´ξ
2t|ξ|´ 12Bpξqdξ
ˇˇˇ
ˇ(3.18)
À t
´1{4
?
t
3
e´
x2
4t
ˇˇˇ
ˇ
ż
S2
ż 8
0
e´p
?
tξ´i x
2t
q2 |
?
tξ| 32Bp
?
tξqdp
?
t|ξ|q
ˇˇˇ
ˇ À t´1{4?
t
3
e´
x2
4t ,
where we denote Bpξq “ ξ|ξ| bApξq.
Similarly to (3.14), we have
|p´∆q´3{4∇ˆ et∆u0|(3.19)
“ 4r´2|
ż 3r2
8
r2
8
p´∆q´3{4∇ˆ Spt´ τqpSpτqu0qdτ |
À r´2|
ż 3r2
8
r2
8
` ż
R3
K2px´ yqdy˜
˘1{2` ż
R3
K2px´ yqpeτ∆u0q2dy˜
˘1{2
dτ |
À r´1` 12 |` ż 3r
2
8
r2
8
ż
R3
1?
t´ τ3
e
´ py´y˜q2
4pt´τq peτ∆u0q2dy˜dτ
˘1{2|
À r´ 12 }u0}BMO´1pR3q.
Let u0 “ p∇ˆq´1w0, then we also have
|p´∆q´3{4∇ˆ et∆u0|(3.20)
“ 4r´2|
ż 3r2
8
r2
8
∇p´∆q´3{4∇ˆ Spt´ τqpSpτqw0qdτ |
À r´2´ 14 |
ż 3r2
8
r2
8
` ż
R3
K3px´ yqpeτ∆w0q2dy˜
˘1{2
dτ |
À r´1´ 12 |` ż 3r
2
8
r2
8
ż
R3
1?
t´ τ3
e
´ py´y˜q2
4pt´τq peτ∆w0q2dy˜dτ
˘1{2|
À r´ 32 }w0}BMO´1pR3q.
Take inf with respect to w0, we get
(3.21) |p´∆q´3{4∇ˆ et∆u0| À r´ 32 }u0}BMO´2pR3q.
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Combing (3.19) and (3.21), we have
|p´∆q´3{4∇ˆ et∆u0|(3.22)
À r´1}u0}
1
2
BMO´1pR3q}u0}
1
2
BMO´2pR3q À r´1}u0}BMO´1pR3q.
The last inequality given above was from lemma 2.3.
By definition
(3.23) }p´∆q´3{4∇ˆ u0}BMO´1 “ sup
y0PR3
`
r´3
ż
Qpy0,rq
pp´∆q´3{4∇ˆ et∆u0q2dydt
˘1{2
,
then the conclusion follows from (3.21). 
The following proposition appear in Koch and Taturu, for the convenience of the
reader, we include a slightly different proof here.
Proposition 3.6. Let G1 be a tensor, and V1 be the solution of the following system,
(3.24)
$’&
’%
V1t ´△V1 `∇P1 “ ∇ ¨G1,
∇ ¨ V1 “ 0,
t “ 0 : V1 “ 0,
then we have
(3.25) }V1}X
T˚ À }G1}YT˚ .
Proof. First, we rewrite the system (3.24) as an integral equation
(3.26) V1ptq “
ż t
0
Spt´ τqP∇ ¨G1dτ.
When 0 ď τ ď t{2, by using Lemma 2.1, we get:
t
1
2 }
ż t{2
0
Spt´ τqP∇ ¨G1dτ}L8pRnq(3.27)
À t 12 }
ż t{2
0
ż
Rn
1
p?t´ τ ` |y ´ y˜|qn`1G1dy˜dτ}L8pRnq
À } 1?
t
n
ż t{2
0
ż
Rn
1
p1` |y´y˜|?
t´τ qn`1
|G1|dy˜dτ}L8pRnq
À } 1?
t
n
`8ÿ
q“0
ż t{2
0
ż
qď |y´y˜|?
t´τďq`1
|G1|
p1` qqn`1 dy˜dτ}L8pRnq
À }
`8ÿ
q“0
qn´1
p1 ` qqn`1
1?
t
n
ż t{2
0
ż
Bpy,?tq
|G1|dy˜dτ}L8pRnq À }G1}YT˚ .
If t
2
ď τ ď t, we get
(3.28) |Spt´ τqP∇ ¨G1| À |
ż
Rn
1
p?t´ τ ` |y ´ y˜|qn`1 dy˜|}G1}L8pRnq À
}G1}L8pRnq?
t´ τ .
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Therefore we have
t
1
2 }
ż t
t{2
Spt´ τqP∇ ¨G1dτ}L8pRnq(3.29)
À t 12
ż t
t{2
1?
t´ τ dτ}G1}L8pRnq À t}G1}L8pRnq.
We still need to estimate the term sup
y0PRn,rą0
1
rn
şr2
0
ş
Bpy0,rq |V1ps, yq|2dyds. For any
given y0 P Rn and r ą 0, take a smooth cut-off function
(3.30) χpy
r
q “
#
1, |y ´ y0| ď 3r;
0, |y ´ y0| ě 5r.
Then, it is sufficient to estimate the following term
(3.31) I “ sup
y0PRn,rą0
ˆ
r´n
ż
Qpy0,rq
`
∇
ż t
0
Spt´ τqPχG1dτ
˘2
dydt
˙ 1
2
` sup
y0PRn,rą0
ˆ
r´n
ż
Qpy0,rq
p∇
ż t
0
Spt´ τqPp1´ χqG1dτ
˘2
dydt
˙ 1
2
fi I1 ` I2.
To deal with I1, we will drop the projector P, which is a bounded operator in L
2 and
which commutes with Spt´ τq, ∇ and the integral about t. We set up a heat function
(3.32) Wt ´∆W “ χG1, W |t“0 “ 0.
Then I1 “ sup
y0PRn,rą0
ˆ
r´n}∇W }2
L2pQpy0,rqq
˙ 1
2
. We get
}∇W }2L2pQpy0,rqq ď
ż r2
0
ż
Rn
p∇W q2dydτ(3.33)
À
ż r2
0
ż
Rn
|χG1 W |dydτ.
For the term
şr2
0
ş
Rn
|χG1W |dydt, recalling that χ “ χpy{rq and t ď r2, we have
(3.34)
ż r2
0
ż
Rn
|χG1W |dydτ À }W }L8
Qpy0,5rq
ż r2
0
ż
Rn
|χG1|dydτ,
where
(3.35) }W }L8
Qpy0,5rq
“ }
ż τ{2
0
Spτ ´ sqχG1ds`
ż τ
τ{2
Spτ ´ sqχG1ds}L8
Qpy0,5rq
.
We shall study the above inequality separately.
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By Lemma 2.2, we have
}
ż τ{2
0
Spτ ´ sqG1ds}L8
Qpy0,5rq
(3.36)
À } 1?
τ
n
ż τ{2
0
8ÿ
q“0
ż
qď |y´y˜|?
τ
ďq`1
e´q
2
G1dy˜ds}L8
Qpy0,5rq
À sup
yPRn,0ăτďT˚
1?
τ
n
ż τ
0
ż
Bpy,?τq
|G1|dy˜ds À }G1}Y
T˚ .
Recalling the definition of the cut-off function χ, we have
}
ż τ
τ{2
ż
Rn
1?
τ ´ sn e
´ py´y˜q2
4pτ´sq χG1dy˜ds}L8
Qpy0,5rq
(3.37)
À
ż τ
τ{2
ż
Rn
1?
τ ´ sn e
´ py´y˜q2
4pτ´sq s´1dy˜ds ¨ τ}G1}L8
Qpy0,5rq
À }G1}Y
T˚
ż τ
τ{2
1
s
ds À }G1}Y
T˚ .
To finish the estimate of I1, from (3.34), we still need to estimate r
´n şr2
0
ş
Rn
|χG1|dydτ .
(3.38) r´n
ż r2
0
ż
Rn
|χG1|dydτ À r´n
ż r2
0
ż
Bpy0,5rq
|G1|dydτ À }G1}Y
T˚ .
Combining (3.33)-(3.38), we get
(3.39) I1 À }G1}Y
T˚ .
As to the term I2, we have
(3.40) I22 ď sup
0ărď
?
T˚
r2}∇
ż t
0
Spt´ τqPp1´ χqG1dτ}2L8pQpy0,rqq.
When 0 ď τ ď t ď pr{2q2, noting the cut-off function 1´χ and Lemma 2.1, we have
sup
y0PRn,0ărď
?
T˚
r2}∇
ż t
0
Spt´ τqPp1 ´ χqG1dτ}2L8pQpy0,rqq(3.41)
À sup
y0PRn,0ărď
?
T˚
r2}
ż t
0
ż
Rn
1´ χp y˜
r
q
p?t´ τ ` |y ´ y˜|qn`1 |G1|dy˜dτ}
2
L8pQpy0,rqq
À sup
y0PRn,0ărď
?
T˚
r2}
ż t
0
8ÿ
q“1
ż
qrď|y´y˜|ďpq`1qr
|G1|
pqrqn`1 dy˜dτ}
2
L8pQpy0,rqq
À sup
y0PRn,0ărď
?
T˚
` 1
rn
ż r2
0
ż
Bpy,rq
|G1|dy˜dτ
˘2 À }G1}2Y
T˚
.
For the remaining part pr{2q2 ă t ă r2, we shall divide into two parts to estimate.
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(i): when pr{2q2 ă t ă r2 and 0 ď τ ď t{2, by Lemma 2.1, we have
sup
y0PRn,0ărď
?
T˚
r2}∇ ¨
ż t{2
0
Spt´ τqPp1 ´ χqG1dτ}2L8pQpy0,rqq(3.42)
À sup
y0PRn,0ărď
?
T˚
r2}
ż t{2
0
ż
Rn
p1´ χq
p?t´ τ ` |y ´ y˜|qn`1 |G1pτ, y˜q|dy˜dτ}
2
L8pQpy0,rqq
À sup
y0PRn,0ărď
?
T˚
} 1?
t
n
ż t{2
0
8ÿ
q“0
ż
qď |y´y˜|?
t
ďq`1
|G1pτ, y˜q|
p1` qqn`1 dy˜dτ}
2
L8pQpy0,rqq
À sup
y0PRn,0ărď
?
T˚
} 1?
t
n
ż t{2
0
8ÿ
q“0
qn´1
p1` qqn`1
ż
Bpy,?tq
|G1pτ, y˜q|dy˜dτ}2L8pQpy0,rqq
À }G1}2Y
T˚
.
(ii): when pr{2q2 ă t ă r2 and t{2 ď τ ď t, we have
(3.43) |rp1 ´ χqG1| À
?
τ |G1| ď 1?
τ
}G1}Y
T˚ .
Then by (3.43) and Lemma 2.2, we get
sup
y0,rą0
r2}∇ ¨
ż t
t{2
Spt´ τqPp1 ´ χqG1dτ}2L8pQpy0,rqq(3.44)
À }G1}2YT˚
ˆż t
t{2
1?
τ
ż
Rn
1
p?t´ τ ` |y˜|qn`1 dy˜dτ
˙2
À }G1}2Y
T˚
ˆż t
t{2
1?
τ
ż
Rn
1?
t´ τn`1p1 ` |y˜|?
t´τ qn`1
dy˜dτ
˙2
À }G1}2Y
T˚
ˆż t
t{2
1?
τ
1?
t´ τ dτ
ż
Rn
1
p1` |y¯|qn`1 dy¯
˙2
À }G1}2Y
T˚
.
Then from (3.40)-(3.44), we can get
(3.45) I2 À }G1}2Y
T˚
.

Corollary 3.7. Let G1 be a tensor, and V1 be the solution of the system (3.24), then for
any 0 ă a ă 1, we have
(3.46) sup
0ătăT
t
1´a
2 }p´∆q´a{2V1pt, ¨q}L8 À }G1}YT .
Proof. DenoteK4pxq andK5pxq be the kernels of the operator et∆p´∆q´a{2 and e t2∆p´∆q´a{2.
Similarly to (3.13) and (3.16), we have
(3.47) |K4pxq| “
ˇˇ
F´1
`
e´ξ
2t|ξ|´a˘ˇˇ À ta{2?
t
3
e´
x2
4t , and K5pxq| À t
a
2
?
t
3
e´
x2
2t .
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By using (3.24), we have
}p´∆q´ a2 V1}L8pR3q(3.48)
À }
ż t
0
ept´τq∆p´∆q´ a2 P∇ ¨G1dτ}L8pR3q.
By using Proposition 3.5 and (3.47), when 0 ă τ ă t
2
we have
}
ż t
2
0
ept´τq∆p´∆q´ a2 P∇ ¨G1dτdτ}L8pR3q(3.49)
“ }
ż t
2
0
P∇ ¨ e pt´τq∆2 `e pt´τq∆2 p´∆q´ a2G1˘dτ}L8pR3q
À sup
y0PR3
} t
´ 1
2
?
t
3
ż t
2
0
ż
Bpy0,
?
tq
|e pt´τq∆2 p´∆q´ a2G1|dτ}L8pR3q
À sup
y0PR3
} t
´ 1
2
?
t
3
ż t
2
0
ż
Bpy0,
?
tq
ż
Rn
pt´ τq a2?
t´ τ3
e
´ y˜2
2pt´τq |G1pτ, y ´ y˜q|dy˜dydτ}L8pR3q
À sup
y0PR3
}
ż
Rn
t
a´1
2
?
t
3
e´
y˜2
2t
ˆ
1?
t
3
ż t
2
0
ż
Bpy0`y˜,
?
tq
|G1pτ, yq|dydτ
˙
dy˜}L8pR3q
À t a´12 }G1}YT .
When t{2 ă τ ă t, by using Lemma 2.1, we have
}
ż t
t
2
ept´τq∆p´∆q´ a2 P∇ ¨G1dτdτ}L8pR3q(3.50)
“ }
ż t
t
2
P∇ ¨ e pt´τq∆2 `e pt´τq∆2 p´∆q´ a2G1˘dτ}L8pR3q
À |
ż t
t
2
1?
t´ τ }e
pt´τq∆
2 p´∆q´ a2G1}L8pR3qdτ |
À |
ż t
t
2
1?
t´ τ }
ż
R3
pt´ τq a2?
t´ τ3
e
´ px´yq2
2pt´τq G1pyqdy}L8pR3qdτ |
À |
ż t
t
2
pt´ τq a2?
t´ τ }G1pyq}L8pR3qdτ | À }G1pyq}L8pR3qt
a`1
2 À t a´12 }G1pyq}YT .
Combining (3.49) -(3.50) and (3.48), the Proposition 3.6 was proved.

3.1. The Time and Space Analyticity. We give the following corollaries beforehand.
Corollary 3.8. For any integers m, k ě 0, let u be the solution of system (3.4), then we
have
(3.51) }t k`12 `mBmt ∇ku}XT˚ À }u0}BMO´1 .
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Proof. Similar to the proof of Proposition 3.2, for any 0 ď m ď M and 0 ď k ď K, by
Lemma 2.2, we have:
t
k`1
2
`m}Bmt ∇ku}L8pR3q “ 4t
k´1
2
`m}
ż 3t
8
t
8
Bmt ∇kSpt´ τqpeτ∆u0qdτ}L8pR3q(3.52)
À t k´12 `m}
ż 3t
8
t
8
` ż
R3
Jk`2mp y´y˜?
t´τ q?
t´ τ3
e
´ py´y˜q2
4pt´τq peτ∆u0q2dy˜
˘1{2 1?
t´ τk`2m
dτ}L8pR3q
À }` 8ÿ
q“0
Jk`2mpqqe´ q
2
4
1?
t
3
ż 3t
8
t
8
ż
qď |y´y˜|?
t
ďq`1
peτ∆u0q2dy˜dτ
˘1{2}L8pR3q
ď C0}u0}BMO´1 .
We still need to estimate the term sup
y0PR3,rą0
`
r´n
ş
Qpy0,rqpt
k
2
`mBmt ∇kuq2dydt
˘1{2
. Here,
if we estimate it directly, then we will have a non-integrable factor. By using Bmt u “
Bm´1t Btu “ ∆mu, we get
sup
y0PR3,rą0
`
r´3
ż
Qpy0,rq
pt k2`mBmt ∇kuq2dydt
˘1{2
(3.53)
À sup
y0PR3,rą0
`
r´n
ż
Qpy0,rq
pt k2`m∇k`2muq2dydt˘1{2.
Therefore, it is sufficient to estimate the term sup
y0PR3,rą0
`
r´n
ş
Qpy0,rqpt
k
2∇kuq2dydt˘1{2 for
any integer k ą 0.
sup
y0PR3,rą0
`
r´3
ż
Qpy0,rq
pt k2∇kuq2dydt˘1{2(3.54)
À sup
y0PR3,rą0
r}t k2∇ku}L8pQpy0,rqq
ď sup
y0PR3,rą0
1
r
}t k2
ż 3r2
8
r2
8
Spt´ τq∇kpeτ∆u0qdτ}L8pQpy0,rqq
À sup
y0PR3,0ătďr2
}t k2
ˆż 3r2
8
r2
8
}∇keτ∆u0}2L8pR3qdτ
˙ 1
2
}L8pQpy0,rqq
À sup
y0PR3,0ătďr2
t
k
2
ˆż 3r2
8
r2
8
pτk{2}∇keτ∆u0}L8pR3qq2
τk{2
dτ
˙ 1
2
À }u0}BMO´1 .
In the last inequality above, we have used (3.52).

Corollary 3.9. For any integers m, k ě 0 any real constant α, let u be the solution of
system (3.4), then we have
(3.55) }t k`α2 `mBmt ∇ku}L8 À }u0}B´α8,8 .
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Proof. This result can be verified by replacing u as ∇´au, and then combing the process
of Corollary 3.8 and the Theorem 2.2.3 in Danchin [4]. See also P125 in Lemarie-Rieusset
[12]. 
Similarly to Proposition 3.4, we also have
Corollary 3.10. For any positive integers m and k, let u be the solution of system (3.4),
then we have
(3.56) }t k2`mBmt ∇kp´∆q´1{4u}ZT˚ ď C0}u0}BMO´1 .
Corollary 3.11. Let V1 and G1 as given by Proposition 3.5, for any integers M,K ě 0
we have
(3.57) }t k2`mBmt ∇kV1}XT˚ À }G1}YT˚ ,
Proof. This results can be verified similar to Corollary 5.1. See also in [5]. 
Corollary 3.12. Let Let V2 and G2 as given by Corollary 3.6, then for any positive
integers m and k, we have
(3.58) }tm2 `kBkt∇mV2}XT˚ À }t
m
2
`kBkt∇mG2}YT˚ .
4. Proof of Theorem 1.3 and Theorem 1.4
We first consider the eigenvalue problem
(4.1)
#
∇ˆ S “ µS
∇ ¨ S “ 0.
Suppose that S is a periodic function on T3 such that
(4.2)
ż
T3
Spxqdx “ 0,
then it is easy to see that in the space of divergence free vector field
p∇ˆq´1 “ p´∆q´1∇ˆ .
So p∇ˆq´1 is a compact operator, by the theory of eigenvalues of compact operators, we
conclude that p4.1q has eigenvalues tλjujPZ such that
(4.3) ¨ ¨ ¨ ă λ´N ă ¨ ¨ ¨ ă λ´1 ă 0 ă λ1 ă ¨ ¨ ¨ ă λN ă ¨ ¨ ¨
Therefore, we can write
(4.4) u0 “
`8ÿ
j“´8
Sj
where Sj are the eigenfunctions with eigenvalues λj .
Take one more differentiation of p4.1q, we see that
(4.5) ´∆S “ µ2S.
So µ2 is an eigenvalue of ´∆ and S is an eigenvector of ´∆. Thus, p4.4q is nothing but
a Fourier series expansion.
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We are now ready to prove our theorem. Without loss of generality, we assume
λ ě 0, otherwise, a reflection xÑ ´x reduce to this case.
Let
(4.6) u0` “
`8ÿ
j“1
Sj , u0´ “
´1ÿ
j“´8
Sj
then it is easy to see that
(4.7) u0` “ pu0 ` p´∆q
´ 1
2∇ˆ u0q
2
,
(4.8) u0´ “ pu0 ´ p´∆q
´ 1
2∇ˆ u0q
2
,
(4.9) p?´∆` λqu0´ “
´1ÿ
j“´8
p´λj ` λqSj “ ´∇ˆ u0´ ` λu0´.
Therefore, there holds
}u0´}BMO´1 À }p
?´∆` λqu0´}BMO´2(4.10)
“ }∇ˆ u0´ ´ λu0´}BMO´2 À }∇ˆ u0 ´ λu0}BMO´2 À εxλy´b.
In a similar way, we also have
}p
?
´∆´ λqu0`}BMO´2(4.11)
“ }∇ˆ u0` ´ λu0`}BMO´2 À }∇ˆ u0 ´ λu0}BMO´2 À εxλy´b.
When 1 ď λj ď λ{2 or λj ě 2λ, the operator
?´∆´ λ is invertible. Denote
(4.12) u1` “
ÿ
1ďλjďλ{2
Sj `
ÿ
λjě2λ
Sj ,
(4.13) u2` “
ÿ
λ{2ăλjă2λ
Sj .
Therefore we get in a similar way that
(4.14) }u1`}BMO´1 À εxλy´b.
Denote
(4.15) u01 “ u0 ´ u2` “ u0´ ` u1`,
and combining (4.10) and (4.14), we have
(4.16) }u01}BMO´1 À εxλy´b.
Let
(4.17) U “ u` v,
with
(4.18) u “ et∆u2`.
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Then we rewrite the system (1.1) as the following system with small data:
(4.19)
#
vt ` pv ¨∇qv ` pu ¨∇qv ` pv ¨∇qu` pu ¨∇qu`∇P “ ∆v,
t “ 0 : v “ u01.
.
4.1. Step 1: Short time existence. The purpose of the short time existence result
is just to break the scaling. We shall study our problem by the classical fixed point
argument.
First, we introduce the following space:
Definition 4.1. Let T1 ą 0 be a given constant and ε0 be a small constant, we say
f P ET1,ε0 , if the following holds:
(i): fpt, xq is a periodic function of x on T3;
(ii): ∇ ¨ f “ 0, }f}XT1 ď ε0 ă λ ą´b.
We define v “ Fv˜ by solving the following linear equation with v˜ P ET1,ε0
(4.20)
#
vt ´∆v `∇P “ ´ppu` v˜q ¨∇qpu` v˜q,
t “ 0 : v “ u01.
Let g “ u` λ∆´1p∇ˆ uq, then
(4.21) ∇ˆ u´ λu “ ∇ˆ g
and
(4.22) u “ g ´ λ∆´1p∇ˆ uq.
By Proposition 3.2 and Proposition 3.5, we get
}v}XT1 À }pu` v˜q b pu` v˜q}YT1 ` }u0´}BMO´1(4.23)
À
´
}u}XT1 ` }v˜}XT1
¯2
` εxλy´b À
´
}u}XT1 ` ε0xλy
´b
¯2
` εxλy´b.
By Proposition 3.3 and Corollary 3.4, we have
}u}XT1 À }g}XT1 ` λ}∆
´1∇ˆ u}XT1(4.24)
À }∇ˆ u0 ´ λu0}BMO´2 ` λT1
1
4 }?´∆∆´1∇ˆ u0}BMO´1
À εxλy´b ` λT1 14M0.
We take ε0 “ CpM0q´1ε and take T1 as
(4.25) T1 “ CpM0qε2xλy´2b´4
where the constant CpM0q is independent of λ and ε and CpM0q is choosing suitably
small.
Then by using (4.23)-(4.25) we get
(4.26) }v}XT1 ď ε0xλy
´b
.
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By a similar process, we take v1 be the corresponding solution to p4.19q where
v˜1 P ET1,ε0 , and v2 be the solution with v˜2 P ET1,ε0 . Denote
(4.27) ¯˜v “ v˜1 ´ v˜2, v¯ “ v1 ´ v2, q¯ “ P1 ´ P2,
then there hold
(4.28) v¯t ´∆v¯ `∇q¯ “ pv˜2 ¨∇q¯˜v ` p¯˜v ¨∇qv˜1 ` pu ¨∇¯˜vq ` p¯˜v ¨∇qu.
Therefore, we get
(4.29) }v¯}XT1 À }¯˜v}XT1
´
}v˜2}XT1 ` }v˜1}XT1 ` }u}XT1
¯
.
Since ε0 is small enough, then
(4.30) }v˜2}XT1 ` }v˜1}XT1 ` }u}XT1 ăă 1.
Combining (4.29) and (4.30), we conclude that the mapping is a contraction.
Our next goal is to prove the space and time analyticity of the solution.
Definition 4.2. Let g be a function defined on Rn ˆ r0, T1q, for any integers M,K ě 0,
we say g P XM,KT1 , if
(4.31) }g}
X
M,K
T1
fi
Mÿ
m“0
Kÿ
k“0
ˆ
sup
t
t
k`1
2
`m}Bmt ∇kg}L8pR3q
` sup
y0PR3,rą0
ˆ
r´3
ż
Qpy0,rq
|t k2`mBmt ∇kg|2dydt
˙ 1
2
˙
ă `8.
Subsequently, we give the following function spaces
Definition 4.3. Let T ą 0 be a given constant and ε0 as in Theorem 1.3, for any integers
M,K ą 0 we say f P EM,KT,ε0 , if the following holds:
(i): fpx, tq is a space periodic function on T3;
(ii): ∇ ¨ f “ 0, and }fpx, tq}
X
M,K
T
ď ε0 ă λ ą´b.
Repeat the above process, we can show that v P EM,KT1,ε0 .
4.2. Step 2: Local in time existence. Now since v is analytic at time T1, so it can
be extended to some time interval rT1, T2s. We shall give an estimate of T2. For that
purpose, we only need to give an apriori estimate for the }vptq}L8 on the time interval
rT1, T2s.
By Proposition 3.3 and Corollary 3.6, we get, for 0 ă a ă 1,
(4.32) t
1´a
2 }p´∆q´ a2 vpt, ¨q}L8 À εxλy´b.
Moreover, take t “ T1, we get
}p´∆q´ a2 vpT1, ¨q}L8 À εxλy´bT1´
1´a
2
À εxλy´bxλypb`2qp1´aqε´p1´aq.
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Taking 1´ a “ b
b`2 , we get
(4.33) }p´∆q´ a2 vpT1, ¨q}L8 ď C0pM0qεa
By Lemma 2.4, we rewrite p4.19q as
(4.34)
#
vt ` pv ¨∇qv ` pu ¨∇qv ` pv ¨∇qu`∇
´
P ` |u|2
2
¯
´∆v “ uˆ p∇ˆ uq,
t “ T1 : v “ vpT1, xq.
By the divergence free condition and Duharmel’s formula, we get
vptq “ e∆pt´T1qvpT1q `
ż t
T1
P˜pt´ τ, ¨q ˚ puˆ p∇ˆ uqqpτqdτ(4.35)
`
ż t
T1
∇P˜pt´ τq ˚ pv b v ` v b u` ub vqpτqdτ
“ I ` II ` III.
Where P˜ is defined in Lemma 2.1.
Noting 4.33, it follows from Corollary 3.9 (in which we take m “ k “ 0, α “ a)that
(4.36) }I}L8 À pt´ T1q´
a
2 }vpT1, ¨q}B´a8,8 À pt´ T1q
´ a
2 εa
Besides, we have
uˆ p∇ˆ uq “ uˆ p∇ˆ u´ λuq
“
ÿ
λ{2ăλjă2λ
e´λ
2
j tSj ˆ
ÿ
λ{2ăλkă2λ
e´λ
2
ktpλk ´ λqSk
“
ÿ
λ{2ăλj ,λkă2λ
e´pλ
2
j`λ2kqtpλk ´ λqSj ˆ Sk
“
ÿ
λ{2ăλj ,λkă2λ
e´pλ
2
j`λ2kqt λk ´ λ
λj ` λk rp∇ˆ Sjq ˆ Sk ` Sj ˆ p∇ˆ Skqs
“ ∇
¨
˝ ÿ
λ{2ăλj ,λkă2λ
e´pλ
2
j`λ2kqt λk ´ λ
λj ` λk Sj ¨ Sk
˛
‚
`∇ ¨
»
– ÿ
λ{2ăλj ,λkă2λ
e´pλ
2
j`λ2kqt
λj ` λk pSj b p∇ˆ Sk ´ λSkq ` p∇ˆ Sk ´ λSkq b Sjq
fi
fl .
Then it follows from Corollary 3.9 (in which we take k “ m “ 0 α “ 1´ κ ) that
(4.37) }II}L8 À
ż t
T1
pt´ τq´ 1´κ2 }F pτq}Bκ8,8dτ
here, we take 0 ă κ ă 1´ a and
F pτq “
ÿ
λ{2ăλj ,λkă2λ
e´pλ
2
j`λ2kqt 1
λj ` λk pSj b p∇ˆ Sk ´ λSkq ` p∇ˆ Sk ´ λSkq b Sjq .
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On the other hand, we have
}III}L8 ď
ż t
T1
}∇P˜pt´ τ, ¨q}L1}pv b v ` v b u` ub vqpτq}L8dτ(4.38)
À
ż t
T1
pt´ τq´ 12 }pv b v ` v b u` ub vqpτq}L8dτ.
Summarizing, we get
}vpt, ¨q}L8 ď C0pt´ T1q´
a
2 εa ` C0
ż t
T1
pt´ τq´ 12 }vpτ, ¨q}2L8dτ(4.39)
`C0
ż t
T1
pt´ τq´1{2}vpτ, ¨q}L8}upτ, ¨q}L8dτ ` C0
ż t
T1
pt´ τq´ 1´κ2 }F pτq}Bκ8,8dτ.
By Corollary 2.6, we get
}F pτ, ¨q}Bκ8,8 ď }∇ˆ u´ λu}Bκ´1`a8,8 }u}B´a8,8
ď τ´ 1`a`κ2 }∇ˆ u0 ´ λu0}BMO´2τ´
1´a
2 }u0}BMO´1
ď pτ ´ T1q´
1`a`κ
2 T
´ 1´a
2
1 }∇ˆ u0 ´ λu0}BMO´2}u0}BMO´1
À pτ ´ T1q´
1`a`κ
2 CpM0qεa.
Therefore, there holdsż t
T1
pt´ τq´ 1´κ2 }F pτq}Bκ8,8dτ
À εa
ż t
T1
pt´ τq´ 1´κ2 pτ ´ T1q´
1`a`κ
2 dτ
À εapt´ T1q´
1´κ
2
ż T1` t´T12
T1
pτ ´ T1q´
1`a`κ
2 dτ
`εapt´ T1q´
1`a`κ
2
ż t
T1` t´T12
pt´ τq´ 1´κ2 dτ À εapt´ T1q´
a
2 .
We also haveż t
T1
pt´ τq´1{2}vpτ, ¨q}L8}upτ, ¨q}L8dτ
À C0
ż t
T1`p1´δqpt´T1q
pt´ τq´ 12 }upτ, ¨q}L8}vpτ, ¨q}L8dτ
`Cpδqpt´ T1q´ 12
ż T1`p1´δqpt´T1q
T1
}upτ, ¨q}L8}vpτ, ¨q}L8dτ
À C1M0pt´ T1q´ a2 sup
t
pt´ T1q a2 }vpτ, ¨q}L8
ż t
T1`p1´δqpt´T1q
pt´ τq´ 12 τ´ 12 dτ
`Cpδqpt´ T1q´ a2
˜ż T1`p1´δqpt´T1q
T1
}upτ, ¨q}2L8ppτ ´ T1q
a
2 }vpτ, ¨q}L8q2dτ
¸1{2
.
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By let pτ ´ T1q “ θpt´ T1q, we get
(4.40)
ż t
T1`p1´δqpt´T1q
pt´ τq´ 12 τ´ 12 dτ ď
ż 1
1´δ
p1 ´ θq´ 12 θ´ 12 ds
which can be small if δ is made sufficiently small. We take
(4.41) 2C1M0
ż t
T1`p1´δqpt´T1q
pt´ τq´ 12 τ´ 12 dτ ď 1{2.
On the other hand, it is easy to seeż t
T1
pt´ τq´ 12 }vpτ, ¨q}2L8dτ ď
ˆż t
T1
pt´ τq´ 12 τ´adτ
˙
sup
T1ďτďt
τa|vpτq|2L8 .(4.42)
Moreover, there also holdsż t
T1
pt´ τq´ 12 τ´adτ À pt´ T1q´
1
2
ż T1` t´T12
T1
τ´adτ(4.43)
`pt´ T1q´a
ż t
T1` t´T12
pt´ τq´ 12 dτ À pt´ T1q
1
2
´a
.
Thus, we get
sup
T1ďt1ďt
pt1 ´ T1q
a
2 }vpt1, ¨q}L8 À εa ` pt´ T1q
1´a
2
ˆ
sup
τ
´
pτ ´ T1q
a
2 }vpτ, ¨q}L8
¯2
`
ˆż t
T1
}upτ, ¨q}2L8
`pτ ´ T1q a2 }vpτ, ¨q}L8˘2dτ
˙ 1
2
¸
.
Take T2 “ T1 ` 1, for T1 ď t ď T2, we get
sup
T1ďt1ďt
pt1 ´ T1q
a
2 }vpt1, ¨q}L8(4.44)
ď 2C2
«
εa `
ˆż t
T1
}upτ, ¨q}2L8ppτ ´ T1q
a
2 }vpτ, ¨q}L8q2dτ
˙ 1
2
ff
provided that
(4.45) C2 sup
T1ďt1ďt
pt1 ´ T1q
a
2 }vpt1, ¨q}L8 ď
1
2
.
Furthermore, we have
(4.46)
ˆż t
0
}upτ, ¨q}2L8dτ
˙ 1
2
À }u2`}B´18,2 .
However, u2` has only finite piece of the littlewood-Paley decomposition, thus
(4.47) }u2`}B´18,2 À }u2`}B´18,8 À }u0}BMO´1 .
Then from (4.44) and the Gronwall’s inequality, we have
sup
T1ďtďT2
pt´ T1q
a
2 }vpt, ¨q}L8 ď 4C2εa,
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provided that ε is sufficiently small. This shows that the assumption (4.45) is reasonable.
Therefore, we can extend our solution to time T2.
By a similar argument, we can get
sup
T1ďtďT2
pt´ T1q
a
2
`m` k
2 |Bmt ∇kvpt, ¨q|L8 ď Cm,kεa
for any m ě 0, k ě 0, which implies
}∇kvpT2, ¨q}L8 À Cpk,M0qεa.
4.3. Step 3: Global existence. We now consider the solution on a fixed periodic
x P r´pi, pis3. To prove global existence on the time interval rT2,`8q, we only need to
give an apriori H1 bound of the solution v. We multiply the equation p4.34q by ∆v and
integration by parts to get
1
2
}∇vpt, ¨q}2L2 `
ż t
T2
}∆vpτ, ¨q}2L2dτ
ď 1
2
}∇vpT2, ¨q}2L2 `
ż t
T2
}∆vpτ, ¨q}2L2 ` }v ¨∇v ` u ¨∇v ` v ¨∇u}2L2pτqdτ,
and
}v ¨∇v ` u ¨∇v ` v ¨∇u}L2
À p}v}L8 ` }u}L8q }∇v}L2 ` }v}L8}∇u}L2
À
´
}v} 12
H2
}v} 12
H1
` }u}L8
¯
}∇v}L2 ` }∇u}L2}v}
1
2
H2
}v} 12
H1
.
By Poincare’s inequality, we get
}v ¨∇v ` u ¨∇v ` v ¨∇u}L2
À }∇v} 32
L2
}∆v} 12
L2
` }∇v} 12
L2
}∇u}L2}∆v}
1
2
L2
` }∇v}L2}u}L8
À }∇v}L2}∆v}L2 ` }∇v}
1
2
L2
}∇u}L2}∆v}
1
2
L2
` }∇v}L2}u}L8 .
Therefore, we get
1
2
}∇vpt, ¨q}2L2 `
ż t
T2
}∆vpτ, ¨q}2L2dτ
À ε2a ` 1
2
ż t
T2
}∆vpτ, ¨q}2L2dτ `
ż t
T2
}∆vpτ, ¨q}2L2 |∇v|L2dτ
`
ż t
T2
}∇v}2L2}∇u}4L2 ` }∇v}2L2}u}2L8dτ.
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We have ż t
T2
}∇u}4L2pT3q ` }u}2L8pT3qdτ
À
ż t
T2
}∇u}4L8pT3q ` }u}2L8pT3qdτ
À
ż t
T2
`
τ´4}u0}BMO´1 ` τ´2}u0}BMO´2
˘
dτ
ď CM0
`
T2
´3 ` T2´1
˘ ď C3pM0q.
Therefore, by a bootstrap argument, it follows from Gronwall’s inequality that
}∇vpt, ¨q}2L2 `
ż t
T2
}∆vpτ, ¨q}2L2dτ ď C3pM0qε2a.
This shows that the solution is global.
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